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ON THE PRODUCT PROPERTY OF THE
PLURICOMPLEX GREEN FUNCTION
Armen Edigarian
Abstract. We prove that the pluricomplex Green function has the product property
gD1×D2 = max{gD1 , gD2} for any domains D1 ⊂ C
n and D2 ⊂ Cm.
Let E denote the unit disc in C. For any domain G ⊂ Cn define
gD(a, z) := inf
ϕ∈O(E,D)
ϕ(0)=z
a∈ϕ(E)
{ ∏
λ∈ϕ−1(a)
|λ|ordλ(ϕ−a)
}
, a, z ∈ D,
where O(E,D) denotes the set of all holomorphic mappings E → D and ordλ(ϕ−a)
denotes multiplicity of ϕ− a at λ.
The function gD is proposed by Poletsky (cf. [Pol]) and is called the pluricomplex
Green function for D. We have that (see [Jar-Pfl1], Chapter IV)
(a) gD(a, z) := inf
ϕ∈O(E,D)
ϕ(0)=z
a∈ϕ(E)
{ ∏
λ∈ϕ−1(a)
|λ|ordλ(ϕ−a)
}
, a, z ∈ D.
Note that in the formula (a) we take only λ ∈ ϕ−1(a) such that λ ∈ E;
(b) For any domains D1, D2 and any holomorphic mapping f : D1 → D2 we have
the following contractible property: gD2
(
f(z), f(w)
)
≤ gD1(z, w), z, w ∈ D1.
The main result of the paper is the following product property.
Theorem 1. Let D1 ⊂ C
n and D2 ⊂ C
m be domains. Then
gD1×D2
(
(z1, w1), (z2, w2)
)
= max{gD1(z1, z2), gD2(w1, w2)},
(z1, w1), (z2, w2) ∈ D1 ×D2.
Remark. The product property for D1 × D2 for the pluricomplex Green function
in the case when D1 or D2 is pseudoconvex was proved in [Jar-Pfl2]. Note that
in [Jar-Pfl2] the authors used the description of the pluricomplex Green function
given by M. Klimek.
Proof. The inequality ”≥” follows from the property (b). So, we have to prove
”≤”.
Let (a1, b1), (a2, b2) ∈ D1 ×D2. Suppose that N > 0 is such that
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(1) max{gD1(a1, a2), gD2(b1, b2)} < N.
It is sufficient to prove that
gD1×D2
(
(a1, b1), (a2, b2)
)
< N.
There are holomorphic mappings ϕ1 : E¯ → D1 and ϕ2 : E¯ → D2 such that
ϕ1(0) = a2, ϕ2(0) = b2,∏
λ∈ϕ−1
1
(a1)
|λ|ordλ(ϕ1−a1) < N and
∏
λ∈ϕ−1
2
(b1)
|λ|ordλ(ϕ1−b1) < N.
Note that if ϕ : E¯ → D1 is a holomorphic mapping, ϕ(0) = a2, and σ1, . . . , σl are
zeros of ϕ− a1 counted with multiplicities, then for a mapping
(2) ϕ˜(λ) := (ϕ− a2)
∏l
j=1(λ− σ˜j)∏l
j=1(λ− σj)
∏l
j=1 σj∏l
j=1 σ˜j
+ a2,
where σ˜j is close enough to σj , j = 1, . . . , l, we have ϕ˜ ∈ O(E¯,D1). So, we may
assume that ordλ(ϕ1 − a1) = 1 for any λ ∈ ϕ
−1
1 (a1) ∩ E and ordλ(ϕ2 − b1) = 1 for
any λ ∈ ϕ−12 (b1) ∩ E.
Let {ζ1, . . . , ζν} = ϕ
−1
1 (a1)∩E and {ξ1, . . . , ξµ} = ϕ
−1
2 (b1)∩E. We may assume
that |ζ1| < |ζ2| < · · · < |ζν | and |ξ1| < |ξ2| < · · · < |ξν |, ν, µ are minimal. Then
|ζ1 . . . ζν | ≥ N |ζν |
ν and |ξ1 . . . ξµ| ≥ N |ξµ|
µ.
For, if |ζ1 . . . ζν | < N |ζν |
ν then we may consider the mapping ϕ˜1(λ) := ϕ1(ζνλ),
and it contradicts the minimality of ν.
Assume that |ζ1 . . . ζν | < |ξ1 . . . ξµ|. Then we consider the mapping
ϕ˜1(λ) := ϕ1(tλ), λ ∈ E¯,
where t :=
(
|ζ1...ζν |
|ξ1...ξµ|
) 1
ν
. Then
∣∣ 1
t
ζj
∣∣ < 1, j = 1, . . . , ν, and
∣∣∣∣(ζ1t
)
. . .
(ζν
t
)∣∣∣∣ = |ξ1 . . . ξµ|.
Hence, we may assume that |ζ1 . . . ζν | = |ξ1 . . . ξµ|. Take ϕ˜1(λ) = ϕ1(e
iθλ), where
θ is such that e−iθζ1 . . . e
−iθζν = ξ1 . . . ξµ. So, we may assume that ζ1 . . . ζν =
ξ1 . . . ξµ.
Put
B1(λ) :=
ν∏
j=1
ζj − λ
1− ζ¯jλ
and B2(λ) :=
µ∏
j=1
ξj − λ
1− ξ¯jλ
, λ ∈ E¯,
and C := B1(0) = B2(0). We have that |C| < N .
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Put A1 := {λ : B
′
1(λ) = 0}, A2 := {λ : B
′
2(λ) = 0}, A := B1(A1) ∪ B2(A2),
A˜1 := B
−1
1 (A), and A˜2 := B
−1
2 (A).
Put
B˜1(λ) :=
B1(λ) −B1(0)
1−B1(0)B1(λ)
.
It holds
B1(λ) =
B1(0) + B˜1(λ)
1 +B1(0)B˜1(λ)
.
Note that B˜1 is a Blaschke product (because, it is a proper function), B˜1(λ) = 0 iff
B1(λ) = B1(0), and B˜
′
1(λ) = 0 iff B
′
1(λ) = 0. Changing very little zeros of the B˜1,
we may assume that it has no multiple zeros and B˜1(0) = 0. Then we have a new
Blaschke product
B̂1(λ) :=
B1(0) + B˜1(λ)
1 +B1(0)B1(λ)
,
such that B̂1(0) = B1(0) and there is no λ0 ∈ E such that B̂1(λ0) = B̂1(0) and
B̂′1(λ0) 6= 0. The zeros of the function B̂1 are close enough to zeros of the B1. So,
we may assume that C 6∈ B1(A1) (replacing B1 by B̂1 and ϕ1 by ϕ̂1, where ϕ̂1 is
constructed using (2)). In a similar way, we may assume that C 6∈ B2(A2). Hence,
C 6∈ B1(A1) ∪B2(A2), and, therefore, 0 6∈ A˜1 ∪ A˜2.
There exists a covering pi : E → E \ A such that pi(0) = C. Let us show that pi
is a Blaschke product, i.e.
lim
r→1
∫ 2pi
0
log |pi(reiθ)|dθ = 0.
Suppose that there exists limr→1 pi(re
iθ) = t for some eiθ ∈ ∂E. We want to prove
that |t| = 1 or t ∈ A. Assume that t ∈ E \ A. Then there exists neighborhood V
of t such that pi−1(V ) = ∪jVj , Vj1 ∩ Vj2 = ∅, j1 6= j2. There exists r0 such that
pi(reiθ) ∈ V , r ∈ [r0, 1). There exists j0 such that r0e
iθ ∈ Vj0 . Then re
iθ ∈ Vj0 for
any r ∈ [r0, 1). Hence,
eiθ = lim
r→1
(pi|Vj0 )
−1 ◦ pi(reiθ) = pi−1(t) ∩ Vj0 .
It is a contradiction. So, |t| = 1 or t ∈ A. Note that A is a finite set, hence
limr→1 pi(re
iθ) ∈ ∂E for a.a. θ ∈ [0, 2pi). Therefore, pi is an inner function. Hence,
pi = BS, where B is a Blaschke product and
S(λ) = exp
(
−
∫ 2pi
0
λ+ eiθ
λ− eiθ
dσ(θ)
)
,
where σ ≥ 0 on ∂E is a singular measure with respect to Lebegue measure and
S∗(λ) = 0 for σ-almost all λ ∈ ∂E. We know that if exists limr→1 pi(re
iθ) = t,
where |t| < 1, then t ∈ A. Hence, t 6= 0. So σ = 0 and S ≡ 1, therefore, pi is a
Blaschke product.
Note that B1|E\A˜1 : E \ A˜1 → E \ A and B2|E\A˜2 : E \ A˜2 → E \ A are finite
coverings. Hence, there exist liftings ψ1 : E → E \ A˜1, and ψ2 : E → E \ A˜2 such
that pi = B1 ◦ ψ1 = B2 ◦ ψ2, ψ1(0) = ψ2(0) = 0.
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We have that pi is a Blaschke product. So, there exists r < 1 such that
(3) log |pi(0)| −
1
2pi
∫ 2pi
0
log |pi(reiθ)|dθ < logN.
Let λ1, . . . , λs be solutions of the equation pi(rλ) = 0 counted with multiplicity.
By Jensen formula (cf. [Rud], Theorem 15.18) the left hand side of (3) is equal to∑s
j=1 log |λj |, and, therefore,
∑s
j=1 log |λj | < logN .
Put
γ(λ) :=
(
ϕ1 ◦ ψ1(rλ), ϕ2 ◦ ψ2(rλ)
)
.
Note that γ : E → D1 ×D2, γ(0) = (a1, b1), and γ(λj) = (a2, b2). Hence,
gD1×D2
(
(a1, b1), (a2, b2)
)
≤
s∏
j=1
|λj | < N.

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